Introduction {#Sec1}
============

The study of tensors with their various applications has increasingly attracted extensive attention and interest \[[@CR1]--[@CR5]\]. A tensor can be regarded as a higher-order generalization of a matrix in linear algebra. However, unlike matrices, the problems for tensors are generally nonlinear. Hence, there is a large need to investigate tensor problems. Recently, some structured tensors such as nonnegative tensors, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {H}$\end{document}$-tensors have been introduced and studied well, and many interesting results for these tensors have been obtained because of their special structure properties \[[@CR6]--[@CR15]\]. These structural tensors have a wide range of applications such as spectral hypergraph theory, higher-order Markov chains, big amounts of data, polynomial optimization, magnetic resonance imaging, simulation, automatic control, and quantum entanglement problems \[[@CR1], [@CR2], [@CR4]--[@CR8], [@CR10]--[@CR18]\]. For example, the positive definiteness of an even-degree homogeneous polynomial form $\documentclass[12pt]{minimal}
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                \begin{document}$x^{m}$\end{document}$, defined by the following equation ([1.1](#Equ1){ref-type=""}) (see \[[@CR4], [@CR19]\]). In \[[@CR16]\], Qi pointed out that $\documentclass[12pt]{minimal}
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                \begin{document}$f(x)$\end{document}$ is positive definite if and only if the real supersymmetric tensor $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal {A}}$\end{document}$ is positive definite. For an even-order real supersymmetric tensor $\documentclass[12pt]{minimal}
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                \begin{document}${\mathcal {A}}$\end{document}$ is positive definite \[[@CR19]\]. The main aim of this paper is to study the closure property of structure properties of $\documentclass[12pt]{minimal}
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An *m*th-order *n*-dimensional real tensor $\documentclass[12pt]{minimal}
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                \begin{document}$n^{m}$\end{document}$ real entries of the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{A}=(a_{i_{1}\ldots i_{m}}),\quad a_{i_{1}\ldots i_{m}}\in R,1\leq i_{1},\ldots, i_{m}\leq n. $$\end{document}$$ The entries $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal {R}^{(m,n)}$\end{document}$ the set of all *m*th-order *n*-dimensional real tensors. For a tensor $\documentclass[12pt]{minimal}
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--------------

\[[@CR8], [@CR11]\]
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Definition 1.3 {#FPar3}
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The rest of the paper is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we show the closure property of the Hadamard products of Hadamard powers of strong $\documentclass[12pt]{minimal}
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The closure property {#Sec2}
====================

In this section, we provide the closure property of the Hadamard products of Hadamard powers of strong $\documentclass[12pt]{minimal}
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Proof {#FPar5}
-----
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Lemma 2.2 {#FPar6}
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Now we are ready to present the main result of this section.

Theorem 2.3 {#FPar8}
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Bounding the minimal real eigenvalues {#Sec3}
=====================================
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Proof {#FPar14}
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Lemma 3.3 {#FPar15}
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\[[@CR13], Lemma 5.3\]
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Lemma 3.5 {#FPar18}
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-----
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Our main result of this section is the following.

Theorem 3.7 {#FPar22}
-----------
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Proof {#FPar23}
-----
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Example 3.1 {#FPar24}
-----------
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Characterizations for the equality case {#Sec4}
=======================================
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Lemma 4.1 {#FPar25}
---------

\[[@CR12], Lemma 3.2\]
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Using Lemma [4.1](#FPar25){ref-type="sec"}, we immediately get the following result.

Lemma 4.2 {#FPar26}
---------
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Proof {#FPar27}
-----
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Lemma 4.3 {#FPar28}
---------
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Proof {#FPar29}
-----

As regards sufficiency, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sigma(\mathcal {A})^{r}\sigma(\mathcal {B})^{1-r}=\gamma^{r} \sigma(\mathcal {B})^{r}\sigma(\mathcal {B})^{1-r}=\gamma^{r} \sigma(\mathcal {B})$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma\bigl(\mathcal {A}^{[r]}\circ \mathcal {B}^{[1-r]}\bigr)&=\sigma\bigl(|\mathcal {A}|^{[r]}\circ|\mathcal {B}|^{[1-r]}\bigr)\\ &=\sigma\bigl(\gamma^{r} \bigl(|\mathcal {B}|^{[r]}\circ|\mathcal {B}|^{[1-r]}\bigr) \bigl(D^{r} \bigr)^{-(m-1)}\cdot\underbrace{D^{r}\cdots D^{r}}_{m-1} \bigr)=\gamma^{r} \sigma(\mathcal {B}),\end{aligned} $$\end{document}$$ and thus the sufficiency is true.
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Proof {#FPar31}
-----
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